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Abstract
In the paper of Montgomery, D. and Yang, C.T. [5], they discuss the de−suspension
of smooth free actions of S1 on (2n+1)−dimensional homotopy spheres. In this paper
we discuss the de-suspension of smooth free actions of S3 on (4n + 3)−dimensional
homotopy spheres.
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1 Introduction
Through this paper, Rn denotes the Euclidean n−space, Sn denotes the unit n−sphere
in Rn+1 and QP (n) the quaterionic projective space, all having the usual differentiable
structures. By a homotopy n−sphere abbreviated by
∑n, we mean a closed differentiable
n−manifold having the homotopy type of Sn, and by a homotopy quaterionic projective
n−space, abbreviated by HQP (n), we mean a closed differentiable 4n−manifold having
the homotopy type of QP (n). πn(M) denotes the n
th−homotopy group of M , Hi(M) and
H i(M) denote the homology and cohomology of a space M , and assumed to be satisfying
the Eeilenberg−Steenrod axioms, See [[13],p.6]. It is well known that S1 and S3 are the only
compact connected Lie groups which have free differentiable actions on homotopy spheres,
[8, 6]. It follows from Gleasons lemma [1] that such an action is always a principal fibration
which is homotopically equivalent to the classical Hopf fibration. In fact, there are always
infinitely many differentiably distinct free actions of S3 on
∑
4n+3 for n ≥ 2, [16], such
that for any differentiable action of the group S3 on
∑
4n+3, the orbit space
∑
4n+3 /S3 is a
HQP (n), and that for any HQP (n) there is, up to differentiable equivalence a unique free
differentiable action of S3 on
∑
4n+3, such that
∑
4n+3 /S3 is diffeomorphic to HQP (n).
Hence, there is one to one correspondence between differentiable equivalence classes of free
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differentiable actions of S3 on
∑
4n+3 and diffeomorphism classes of HQP (n)′s. If we let
M =
∑
4n+3 /S3, there is a differentiable homotopy equivalence f : M → QP (n) which is
transverse regular on QP (n−1), denoted f ⋔ QP (n−1). Therefore N = f−1(QP (n−1)) is
a differentiable submanifold of M of codimension 4. By means of framed surgery as devised
in Browder [15] and Novikov [9], it is always possible to kill the kernel of
f∗i : πi(N)→ πi(QP (n− 1)) for i = 0, 1, . . . , 2n− 3.(below the middle dimension). That
means, there is a differentiable homotopy equivalence f1 :M → QP (n) which is homotopic
to f and f1 ⋔ QP (n− 1) such that if we let N1 = f−1(QP (n − 1)),
then f1∗i : πi(N
1) → πi(QP (n − 1)) has a trivial kernel for i = 0, 1, 2, . . . 2n − 3. But for
i = 2n − 2 (at the middle dimension) there is an obstruction called the index. In fact a
necessary and sufficient condition for killing the kernel of f∗i for i = 2n − 2, is that this
index vanishes. This index turns out to be dependent only on the action (S3,
∑
4n+3) see
[7]. We note that if we succeed to kill the kernel of f∗i : πi(N) → πi(QP (n − 1)) for
i = 0, 1, 2, . . . 2n− 2, hence by Poincare duality on the kernels,we succeed to kill the kernel
of f∗i for all i = 0, 1, 2, . . . 4n − 4, then there is a differentiably imbedded HQP (n − 1)
in HQP (n) and hence there is a differentiably imbedded S3− invariant
∑
4n−1 in
∑
4n+3
called a characteristic homotopy (4n − 1)− sphere this what is called a de−suspension of
the action.
2 Basic Construction
In this section, we give a construction which will be needed in our work. It is essentially the
same construction as seen in [15] and [9] with certain modifications are made as in Haefliger
[2], Levine [9], Montgomery and Yang [5]. For any manifold M ,τ(M) denotes the tangent
bundle of M and if N is a submanifold of M , ν(N,M) denotes the normal bundle of N
in M . By an r−frame on N , we mean an r−tuple of linearly independent vector fields in
τ(M)|N . D
n denotes the closed unit disk in Rn and Bn = Dn − Sn−1. Let M and M1
be closed ℓ− manifolds, N1 a closed m−submanifold of M1, f : M → M1 a map which is
transverse regular on N1, N = f−1(N1) and h : Sk−1 → N is an imbedding. We now state
assumptions as by Haefliger in [2] and Levine in [9] and exactly as Montgomery and Yang
in [5]. Later these assumptions will be verified for the construction made in this paper.
(A) 0 ≤ k − 1 ≤ m
2
and 2 ≤ m+ 2 ≤ ℓ.
(B) f ◦ h : Sk−1 → N1 is null homotopic and in fact f ◦ h : (Sk−1) = y a point in N1.
(C) πi(M −N) = 0 for i ≤ k − 1.
(D) πi(M
1 −N1) = 0 for i ≤ ℓ.
Choose an (ℓ−m) frame of ν(M1−N1) at y and let (v1, v2, . . . , vℓ−m) be its inuced (ℓ−m)
frame on h(Sk−1) by f . Then h can be extended to an imbedding of Dk into M , also
denoted by h, such that h(Bk) ⊂ M − N and v1 points radically into h(D
k). we also
assume :
(E) The frame (v1, v2, . . . , vℓ−m) can be extended to an (ℓ − m − 1) frame on h(D
k) in
ν(h(Dk),M). The obstruction to this extention is an element λ ∈ πk−1(Vℓ−m−1(R
ℓ−k))
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where Vℓ−m−1(R
ℓ−k) is the stiefel manifold of orthonormal (ℓ−m−1) frames in Rℓ−k
[[4],p.83]. Hence (E) means λ = 0. Notice that when h : Sk−1 → Vℓ−m−1(R
ℓ−k), then
h can be extended to an imbedding h1 : Dk → Vℓ−m−1(R
ℓ−k), provided the obstruc-
tion which is an element λ ∈ Hk(Dk, Sk−1, πk−1(Vℓ−m−1(R
ℓ−k))) vanishes. Using the
exact cohomology sequence of the pair (Dk, Sk−1):
→ Hk−1(Dk, G)→ Hk−1(Sk−1, G)→ Hk(Dk, Sk−1, G)→ Hk(Sk−1, G)→
where G = πk−1(Vℓ−m−1(R
ℓ−k)) , we get :
0→ πk−1(Vℓ−m−1(R
ℓ−k))→ Hk(Dk, Sk−1, πk−1(Vℓ−m−1(R
ℓ−k)))→ 0
Hence, Hk(Dk, Sk−1, πk−1(Vℓ−m−1(R
ℓ−k))) = πk−1(Vℓ−m−1(R
ℓ−k)).
Moreover, if 2(k − 1) ≤ m, then πk−1(Vℓ−m−1(R
ℓ−k)) ∼= 0, i.e, (E) holds for 2(k − 1) ≤ m.
Under these assumptions Haefliger in [2] has shown that the map f can be extended to a map
F :M × [0, 1]→M1 such that F ⋔ N1 and B = F−1(N1) is a compact (m+ 1)−manifold
in M × [0, 1] which is a framed cobordism from N to N1 = B ∩ (M × {1}) obtained by
attaching a handle to N × [0, 1] at h(Sk−1). Let f1 = F |M×{1}, which is also regarded as
the map of M into M1 given by x→ F (x, 1). Then f1 is a homotopy equivalence such that
f ∼ f1, f1 ⋔ N
1 and N1 = f
−1
1
(N1) is obtained from N = f−1(N1) by performing a framed
surgery at h(Sk−1).
3 Surgery below the middle dimension
Suppose that a free differentiable action of S3 on
∑
4n+3 is given, n ≥ 2.
LetM =
∑
4n+3 /S3, then there is a homotopy equivalence f :M → QP (n), let σ : Si →M
be an imbedding representing a generator of πi(M), by the relative transversality theorem,
we may assume f is transverse regular on QP (n−1), hence N = f−1(QP (n−1)) is a closed
manifold of M of codimension 4 and containing σ(Si) for i < 2n− 1.
Lemma 3.1
(a) M −N is connected, i.e., π0(M −N) = 0.
(b) πi(M −N) = 0 for i = 1, 2.
Proof.
(a) let x, y ∈M−N then x, y ∈M, butM is connected then there exist a path α : [0, 1]→M
such that α(0) = x and α(1) = y. By transversality homotopy theorem, see [[14],p.70],
there exist a path α1 : [0, 1] → M such that α1(0) = x and α1(1) = y and α1 ⋔ N . But
dimα1([0, 1]) + dimN < dimM , thus α1 ∩N = φ and α1([0, 1]) ⊂M −N, hence M −N is
pathwise connected and therefore is connected.
(b) Let α : S1 → M − N be an imbedding representing a generator of π1(M − N), α
can be regarded as an imbedding into M, α : S1 → M. But π1(M) = 0 then α can be
extended to α1 : D2 → M such that α1|∂D2 = α, α is homotopic to α
1 and α1 ⋔ N.
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But dimα1(D2) + dimN < dimM thus α1(D2) ∩N = φ, which implies α1(D2) ⊂ M − N
therefore π1(M −N) = 0, similarly π2(M −N) = 0.
Lemma 3.2 : f∗i : Hi(N)→ Hi(QP (n− 1)) is onto ∀i.
In particular f∗4n−4 : H4n−4(N)→ H4n−4(QP (n− 1)) is an isomorphism.
proof. Let A1 be the complement of an open tubular neighborhood of QP (n−1) in QP (n)
such that A = f−1(A1) is the complement of open tubular neighborhood of N in M . It is
clear that f∗ : H4n(QP (n))→ H4n(M) is an isomorphism. Consider the cohomology exact
sequence of the pair (QP (n), A1) :
→ H4n−1(A1)→ H4n(QP (n), A1)→ H4n(QP (n))→ H4n(A1)→
But, QP (n) = QP (n− 1) ∪D4n, A1 is a deformation retract of QP (n)−QP (n− 1), thus
A1 has the homotopy type of D4n, hence H4n−1(A1) = 0 and H4n(A1) = 0. Therefore
H4n(QP (n), A1) → H4n(QP (n)) is an isomorphism. Moreover,the cohomology exact se-
quence of (M,A):
→ H4n−1(A)→ H4n(M,A)→ H4n(M)→ H4n(A)→
A is a deformation retract of M −N , and by Hurewicz theorem, [[10],p.349]:
H1(A) ∼= π1(A) ∼= π1(M − N) = 0. We get H
4n−1(A) = 0 and H4n(A) = 0. Therefore
H4n(M,A)→ H4n(M) is an isomorphism. By the isomorphism theorem of Thom, see [6],
H4n−4(QP (n− 1))→ H4n(QP (n), A1) and H4n−4(N)→ H4n(M,A) are isomorphisms.
It follows that f∗ : H4n−4(QP (n− 1))→ H4n−4(N) is an isomorphism.
Claim: f∗i : H i(QP (n− 1))→ H i(N) is one to one ∀ i.
Proof. Let α 6= 0 ∈ H i(QP (n− 1)), then ∃ β ∈ H4n−4−i(QP (n − 1)) such that
α∪β = d 6= 0 ∈ H4n−4(QP (n−1)). This implies f∗4n−4(α∪β) = f
∗(α)∪f∗(β) = f∗(d) 6= 0.
,i.e., f∗i : H i(QP (n − 1))→ H i(N). is one to one ∀ i. Then by duality between homology
and cohomology f∗i : Hi(N)→ Hi(QP (n− 1)) is onto ∀ i
Lemma 3.3 If k ≤ 2n− 1 such that f∗i : Hi(N)→ Hi(QP (n− 1)) is 1− 1 for i < k − 1,
then Hk−1(M −N) = 0.
Proof. By lemma 2.2 and by the hypothesis we get f∗i : Hi(N) → Hi(QP (n − 1)) is an
isomorphism for i < k − 1. Therefore, by poincare duality [[12],p.138],
f∗ : H4n−4−i(QP (n − 1)) → H4n−4−i(N) is an isomorphism for i < k − 1, so that
H4n−4−i(M)→ H4n−4−i(N) induced by the inclusion map is an isomorphism for i < k−1,
[12]. Consider the exact cohomology sequence of (M,N):
→ H4n−4−i(M,N)→ H4n−4−i(M)→ H4n−4−i(N)→ H4n−3−i(M,N)→
for i = k − 4 :
→ H4n−k(M,N)→ H4n−k(M)→ H4n−k(N)→ H4n−k+1(M,N)→
H4n−4(M) ∼= H4n−k(N) and H4n−k+1(M) ∼= H4n−k+1(N) hence, H4n−k+1(M,N) ∼= 0
by Lefshetz duality [11], we get Hk−1(M −N) ∼= H
4n−k+1(M,N) ∼= 0.
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Lemma 3.4 If k ≤ 2n − 1 such that f∗i : πi(N) → πi(QP (n − 1)) is 1 − 1 for i < k − 1,
then both f∗i : πi(N) → πi(QP (n − 1)), and f∗i : Hi(N) → Hi(QP (n − 1)) are isomor-
phisms for i < k−1. Moreover, if ρ : πk−1(N)→ Hk−1(N) is the Hurewicz homomorphism,
ker(f∗πk−1) is the kernel of f∗ : πk−1(N)→ πk−1(QP (n− 1)) and ker(f∗Hk−1) is the kernel
of f∗ : Hk−1(N)→ Hk−1(QP (n− 1)), then for k 6= 2 ρ(ker(f∗πk−1))
∼= ker(f∗Hk−1) and for
k = 2, ρ is onto and its kernel is the commutator subgroup of ker(f∗πk−1). Furthermore
πi(M −N) = 0 for i ≤ k − 1.
Proof. Let σ : Si → M be an imbedding representing a generator of πi(M), σ(S
i)
is contained in N as our assumption at the beginning of this section for i < 2n − 1,
fρ : Si → QP (n − 1) represents a generator of πi(QP (n − 1)) for i ≤ k − 1, so that
f∗i : πi(N)→ πi(QP (n − 1)) is an isomorphism for i < k − 1. and onto for i ≤ k − 1.. Let
Cf be the mapping cylinder of f : N → QP (n−1) ,i.e., Cf = N×I∪fQP (n−1), it is clear
that QP (n − 1) is homotopically equivalent to Cf . See[[11],p.283]. We consider the two
exact sequences which together with the Hurewicz homomorphism form the commutative
diagram:
→ πi(N)
f∗
−→ πi(QP (n− 1)) → πi(Cf , N)→ πi−1(N)→
ρ ↓ ρ ↓ ρ ↓ ρ ↓
→ Hi(N) −→ Hi(QP (n − 1)) → Hi(Cf , N)→ Hi−1(N)→
It is clear that πi(Cf , N) = 0 for i ≤ k − 1, hence Hi(Cf , N) = 0 for i ≤ k − 1, and
πk(Cf , N) ∼= Hk(Cf , N) ( By Hurewicz theorem ), [3]. Moreover,
f∗i : Hi(N)→ Hi(QP (n− 1)) is an isomorphism for i < k − 1, and onto for i ≤ k − 1.
Now, the following diagram is commutative and its rows are exact :
→ πk(Cf , N)→ ker(f∗πk−1) → 0
ρ ↓ ρ ↓
→ Hk(Cf , N)→ ker(f∗Hk−1) → 0
We get ρ(ker(f∗πk−1))
∼= ker(f∗Hk−1), see[10]. since f∗i : Hi(N) → Hi(QP (n − 1)) is an
isomorphism for i < k − 1. and onto for i ≤ k − 1, [13], so as Hi(N) → Hi(M) induced
by the inclusion map, similarly as in (Lemma 3.3) we get Hi(M − N) = 0 for i ≤ k − 1.
But π0(M − N) = 0 and π1(M − N) = 0 (By Lemma 3.1), hence by Hurewicz theorem
πi(M −N) = 0 for i ≤ k − 1.
Now, we are in position to use the construction of the preceding section to kill the ker-
nel of f∗i : πi(N)→ πi(QP (n− 1)) for i < 2n − 2.
Consider f∗ : π0(N) → π0(QP (n − 1)), if the kernel is not trivial ,i.e., N has more
than one component, so there is an imbedding h : S0 → N such that h(S0) is not
contained in the same component of N . If we put M, QP (n), QP (n − 1), f and h in
place of M, M1, N1, f and h respectively. We have to satisfy the required assump-
tions,then (A), (B), (C), (D) and (E) are easily verified. Therefore, we obtain a homol-
ogy equivalence f1 : M → QP (n) such that f ∼ f1 and f1 ⋔ QP (n − 1) such that
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f−1
1
(QP (n − 1)) has one less component than f−1(QP (n − 1)). Repeating this construc-
tion, if necessary, we can finally have a homotopy equivalence f1 : M → QP (n) such
that f ∼ f1, f1 ⋔ QP (n − 1) and f1
−1
(QP (n − 1)) is connected and thus the kernel
of f1∗ : π0(f
1−1(QP (n − 1)) → π0(QP (n − 1)) is trivial, that is we kill the kernel of
f∗ : π0(N)→ π0(QP (n−1)) by using f
1 to replace f . Consider f∗ : π1(N)→ π1(QP (n−1))
such that the kernel of f∗ : π0(N)→ π0(QP (n−1)) is already killed. Given an element µ of
the kernel of f∗ : π1(N)→ π1(QP (n − 1)), there is an imbedding h : S
1 → N representing
µ with M, QP (n), QP (n− 1), f and h in place of M, M1, N1, f and h respectively. we
have to satisfy the required assumptions: (A), (B), (C), (D) and (E) for k = 2, m = 4n− 4
and ℓ = 4n.
(A) It is obvious that 0 ≤ k − 1 ≤ m
2
and 5 ≤ m+ 2 ≤ ℓ.
(B) µ ∈ kerf∗ implies f∗(µ) = 0, hence f ◦ h : S
1 → QP (n− 1) is null homotopic.
(C) π0(M −N) = 0 and π1(M −N) = 0 (by lemma 3.1).
(D) πi(QP (n)−QP (n− 1)) = 0, ∀ i ≤ 4n.
In fact, QP (n)−QP (n − 1) has the homotopy type of D4n. Moreover h : S1 → N can be
extended to an imbedding h : D2 →M such that h(B2) ⊂M −N and v1 points radically
into h(D2), where v1 as in section 2.
(E) µ ∈ π1(V3(R
4n−2)) = 0. See [[9],p.83].
Hence, there is a homotopy equivalence f1 :M → QP (n) such that f ∼ f1, f1 ⋔ QP (n−1)
and such that the kernel of f1∗ : π0(f
−1
1
(QP (n − 1))) → π0(QP (n − 1)) is trivial and
the kernel of f1∗ : π1(f
−1
1
(QP (n − 1))) → π1(QP (n − 1)) is the quotient group of the
kernel of f∗ : π1(f
−1(QP (n− 1)))→ π1(QP (n− 1)) by the normal subgroup generated by
µ. Repeating the same procedure if necessary, the kernel of f∗ : π1(f
−1(QP (n − 1))) →
π1(QP (n− 1)) can be killed also. Similarly, if k is an integer such that 1 < k− 1 < 2n− 2
and the kernel of f∗ : πi(N)→ πi(QP (n− 1)) has been killed for i < k − 1, we can kill the
kernel of f∗ : πk−1(N)→ πk−1(QP (n− 1)) by using the same argument. Finally, we have a
homotopy equivalence f1 :M → QP (n) such that f ∼ f1, f1 ⋔ QP (n− 1) and the kernel
of f1∗i : πi(f
1−1(QP (n− 1)))→ πi(QP (n− 1)) is trivial for i < 2n − 2.
4 The obstruction at the middle dimension (The index)
Assume that a free differentiable action of the group S3 on
∑
4n−3 is given, n ≥ 2 and let
M =
∑
4n−3 /S3 and f :M → QP (n) is a homotopy equivalence which is transverse regular
on QP (n − 1) and let N = f−1(QP (n − 1)). As in the preceding section, we may assume
that the kernel of f∗i : πi(N) → πi(QP (n − 1)) has been killed for i < 2n − 2. Therefore
by lemma 3.4, f∗i : πi(N)→ πi(QP (n− 1)) and f∗i : Hi(N)→ Hi(QP (n − 1)) are isomor-
phisms for i < 2n−2 and the Hurrewicz homomorphism σ maps ker(f∗π2n−2) isomorphically
onto ker(f∗H2n−2). Consider the bilinear form F : ker(f∗H2n−2)⊗ ker(f∗H2n−2)→ Z which
maps each ξ ⊗ µ ∈ ker(f∗H2n−2) ⊗ ker(f∗H2n−2) into the intersection number ξ.µ. It is
symetric and has a signature I. The integer I is independent of the choice of f . For more
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details see [5]. I is called the index of the action (S3,
∑
4n+3) and is written as I(S3,
∑
4n+3).
Lemma 4.1 Suppose n = 2s and the group ker(f∗πs) is trivial for i < s. Then ker(f∗Hs)
is free abelian, and the matrix of intersections of the base cycles of the group ker(f∗Hs) is
unimodular. [[11],p.283].
Theorem 4.1 For any integer n ≥ 2, the index I vanishes iff there is a homotopy
equivalence f : M → QP (n) which is transverse regular on QP (n − 1) and such that if
N = f−1(QP (n− 1)), then f : N → QP (n− 1) is a homotopy equivalence.
Proof. If f : M → QP (n) is a homotopy equivalence such that f : N → QP (n − 1) is
a homotopy equivalence then ker(f∗Hi) = 0 ∀ i and hence I vanishes. Conversely, assume
that I vanishes and let f :M → QP (n) is a homotopy equivalence described at the begin-
ning of this section. Using lemma 4.1, ker(f∗H2n−2) is a free abelian group which has the
basis {ξ1, ξ2, . . . . . . , ξ2r−1, ξ2r} such that
ξi.ξj =
{
1 if (i, j) = (2t− 1, 2t) for some t
0 otherwise
Let h : S2n−2 → N be an imbedding representing ξ1. We can use the basic construction of
section 2 to kill ξ1 and ξ2 at the same time. For ℓ = 4n, k = 2n− 1, m = 4n− 4,
M =
∑
4n+3 /S3, M1 = QP (n), N1 = QP (n− 1) and N = f−1(QP (n− 1)).
(A) It is obvious that 0 ≤ k − 1 ≤ m
2
and 5 ≤ m+ 2 ≤ ℓ.
(B) ξ1 ∈ ker(f∗H2n−2), hence f ◦ h : S
2n−2 → N1 is null homotopic.
(C) πi(M −N) = 0 for i ≤ 2n− 2, by lemma 3.4
(D) πi(QP (n)−QP (n− 1)) = 0 for i ≤ 4n.
(E) λ ∈ π2n−2(V3(R
2n+1)) = 0, [[4],p83].
This shows that ξ1 and ξ2 can be killed by the basic construction.
Similarly ξ3, ξ4, . . . . . . , ξ2r−1, ξ2r can be killed two at the same time. Hence ker(f∗Hi) is
trivial for i = 1, 2, . . . 2n − 2, and then ker(f∗πi) is trivial for i = 1, 2, . . . 2n − 2. By
Poincare duality on the kernels, we deduce that ker(f∗πi) is trivial for i = 1, 2, . . . , 4n − 4.
Therefore, f : N → QP (n − 1) is a homotopy equivalence. Finally, if I(S3,
∑
4n+3) = 0,
then there is a differentiably imbedded HQP (n−1) in HQP (n) and hence there is a differ-
entiably imbedded S3−invariant
∑
4n−1 in
∑
4n+3 which is the de−suspension of the action.
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